ON THE FREQUENCY OF SMALL FRACTIONAL PARTS IN
CERTAIN REAL SEQUENCES

BY
WILLIAM ]J. LEVEQUE

1. Introduction. Let X,, X;, - - - be a sequence of independent random
variables, each uniformly distributed on [0, 1/2]. If f is an arbitrary function
from the positive integers to [0, 1/2], the equation

(1) Pr{ X, < f(k)} = 2f(%)

holds, and it is a consequence of the Borel-Cantelli lemmas [3] that the proba-
bility that the inequality X <f(k) is satisfied for infinitely many & is zero or
one, according as the series

(2) 2 f(k)
k=1

is convergent or divergent. While it is well known that no such general asser-
tion can be made when the X are dependent, Khinchin [6] has found a direct
analogue in an important case. His theorem is usually stated in measure-
theoretic language: the inequality Ikx—p| < f(k) has infinitely many integral
solutions k&, p for almost all x or almost no x, according as (2) diverges or con-
verges. We may, however, consider x as a random variable uniformly dis-
tributed over some interval, and define the quantity Uy (k=1,2, - - -) as
the distance (kx) between kx and the nearest integer to kx. Then the U,
form a sequence of dependent random variables uniformly distributed on
[0, 1/2]; Khinchin’s theorem shows that the nature of the dependence is not
such as to affect the finiteness of the number of solutions of the inequality
Ur<f(k).

From a probabilistic standpoint the Borel-Cantelli lemmas yield very
crude information about a sequence of random variables, and it is of some
interest to know whether the Uy also resemble the X, in their finer structure.
We consider here the case in which (2) diverges, so that there are almost
surely infinitely many solutions of |kx—p| <f(k), and investigate in §§2-3
the number T, of such solutions with 2<#. The result is not quite what
would be expected from the case of independent variables. For if we put Y,
equal to 1 or 0 according as the inequality X, <f(k) does or does not hold,
then S,=Yi1+ - - - + V¥, is the number of k2 <# such that X, <f(k). Since
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E(Yi) = 1-2f(k) + 0-(1 — 2f(k)) = 2/(k),

Var ¥, = E(V}) — EX(V2) = 2f(k) — 4 (),
E(Sa) = 2 2 f(k),
k=1
Var S, = 2 2 f(k) — 4 2. f*(k),
k=1 k=1
we deduce from the central limit theorem that if Y .; f2(k) converges, then
n n 1/2
3) lim Pr {S,. <22 fk) + w<2 > f(k)) } = ¢(w),
n— o k=1 k=1
where

is the normal distribution function.
The law of the iterated logarithm yields the closely related result that

( n
Sn— 22 (k)
Pr{ lim sup " = " = 1t=1
i 4( > (k) log log 3 f(k))
k=1 k=1
and so in particular
4) Pr {S,. ~ 2 En:f(k)} = 1.
k=1

Theorem 1 exhibits the result corresponding to (3) for T,; it differs from (3)
in that the coefficient 2 is replaced by 1272
In §§4-6 we consider the much less strongly dependent sequence
(rir2 - - - rx), where 71, 7, - - - is a fixed increasing sequence of positive
integers, and show that here the situation is again as described in (3) and (4).
2. Alemma. Let f be a function with the following properties:

(5) f(x) is positive and decreasing for x = 0;
(6) f(x) = O(x™!) and f'(x) = O(x™?) as x — = ;
() 2 f(k) = .

keal
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We shall need some further properties of f, which we collect in the following
lemma.

LemMA 1. If f satisfies (5)—(7) and if ¢ and & are positive constants, then

@ 3 1@ = [+ oy
k=1 1
(b) F(k + 09 = f(B) + O(9);
© 516 = 310 + o)
@ Z o (ck) = kﬁ‘;f(k) +o(1);
» e’ log k&
@) §f<k>=ck2_:lf(‘ %8 + o,
6 if a1, as, + - + and a are such that
i ap ~ na
k=1

as n— o, then
T ) = a 310 + 001,

Part (a) is trivial, and (b) follows from (6) and the law of the mean. Part
(c) follows from the estimate

3 5k = 3 0k = Olog cn — log n) = O(1),

and (d) from the fact that
3 o) = [efewin-+ow = [+ o = 3 5 + o).

The substitution #=c log v in (a) gives (e). To obtain (f), write
S (or = f(8) = 1) 3 (o — @) + 2 (2 (o= @) (8) — G4+ 1)

and note that

) 'S (0 = a) = O(no(n) = o(1)

k=1
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and
g( 2 (0= a)) () — fCk + 1) = 3 o(A)(fB) — Sk + 1)

= 0n) X (f&) — Sk + 1))

= 0(nf(n)) = O(1).

We shall use the following notation: M{A} means the measure of the
set of x& [0, 1] such that 4, if 4 is a sentence, and it means the measure of
A if A is a set.

No{m<n| - - - } means the number of positive integers m<# such
that . ...
E.{ ---}or{x| -} means the set of x&[0, 1] such that - - - .

3. The fractional part of mx. We prove the following theorem:
THEOREM 1. Suppose that f satisfies conditions (5)—(7) and put
g(x) = f(log x)/x.
Let
T, = Tu(x) = No{m < n| (mx) < g(m)}.
Then for fixed w,

lim Em{Tn < l—i Zn: g(k) + w(g é g(k))m} = ¢(w).

n— o e k=1

If x is a real number with continued fraction expansion

1 1 1 1 1
x=(10+ ..._—_ao+ ...
ot et a+ art g
and convergents
1 1
L = ao+ —
Gk a a
then
v = Drer1 + Pr—a
QX1 T Qe
and

1
Q¥ = pr| = —
l ¢ I)kl QrXk41 + Gr-1
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LEMMA 2. Put

f(&) } ‘

'3

W, = No{kénl | gz — pu| <
Then

lim sm{W,. < l—oé kZ::lf(k) + “’(B;_E El f(k)) ”2} = ¢(w).

We take x as a random variable uniformly distributed on [0, 1], and use
Pri, Ex and Var; to denote conditional probability, expectation and variance

when a,, - - -, ar are given. We suppose throughout this section that f
satisfies conditions (5)—(7), and we put ax=f(k)(1 +q¢s—1/qx) and
f(k)

V, = 1 — oy if qux—pkl <

)

—a;, otherwise.

Then

1 < __@}
(gr@esr + Qr—1) Qe
1 Qk—l}
—_— P — — —
I {xk+1 > ® "
p { [Pk(l/f(k) = Qe—1/qr) + pr—1 Pk]}
= Iy xE y —
@(1/f(R) — qe—1/q) + @1 Gk
pige/f(k) 1 pu
qi/f (k) qk
‘ Dr + Pr— _ & l
Gk + Qr—1 Gk

Pl‘k{Vk=1—ak} =Prk{

f(k)<1 + qq—‘) - .

Hence
Ek(Vk) = (1 - ak)ak + (—ak)(l - Otk) = 0,
8 2 2 -1
® wt = BV =f(k>(1 + & ) + O(F(k)).-
Gk

P. Lévy [9; 10, p. 321] has shown that
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1z - 1
Pr{lim —Z<1+gf—‘>~~—} =1
n—o N k=1 Gk 10g2

and it follows from (f) of Lemma 1 that for almost all x,

n _ 1 n
© St +252)= 3 g + 0.
k=1 Gk log 2 %=y
Combining (8) and (9), we see that for almost all x,
1 n
(10) Wit = —— 2 AR 4 O(L).
log 2 121

We now use a form of the central limit theorem for dependent variables
due to Lévy [10, p. 246] (and later extended by J. L. Doob [2, p. 383] as a
theorem on martingales):

LemMmA 3. Let Zy, Z,, - - - be a sequence of bounded random variables, and
let E,_, denote conditional expectation for givem Zi, - - -, Z,_1. Suppose that
E, 1(Z,)=0 for n=2, and put

2 2
MBn = En—l(Zn) = Varn—l (Zn)-
For t>0, determine N=N(t) so that

2 2
pr+ c -+ uv~i,

and put

SW) =Zi+ - - -+ Za.
Then <f

PI{Z“:< 00} =0,

n=1

we have

lim Pr {S(t) < w} = ¢(w).

(o e

If Z, = V4, it follows from (10) that aside from a set of measure 0, the func-
tions N(¢) corresponding to various x’s are asymptotically equal, and that

1% B
lim Pr Lt + < w1= o (w).

TG

But
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v

E Vet — Zf(k) + 0o(1).

g2 ko1

ZVk+I§f(k)(

and hence for almost all x,

Thus

(11) lim Pr {W,. <

n—

> 10+ o — Zf(k)>m} = o),

lOg 2 k=1 2 k=1

which completes the proof of the lemma.

The remainder of the proof of Theorem 1 consists in transforming (11)
into a statement not involving continued fractions. For this we need an esti-
mate of gx.

LEMMA 4. If 6<1/2, then for almost every x there is a constant k =x(x, 9)
such that

2

k| < xkk'70
12log 2

log ¢« —

This results from an extension of the following theorem of Khinchin [7]:
Let F be a function of k positive integral arguments, such that for n=k,

1
f F2(a’n; ) a'n—k+l)dx < C’
0

where an = an(x) denotes the mth denominator in the continued fraction expansion

of x. Then

1 n
lim — Y F(as, * * * , Gicky1)

noo N ik
exists and is constant almost everywhere.

Examination of the proof shows that the theorem may be modified in
two ways. The function F may be replaced by a quantity depending on a
slowly increasing number of the a,; we write

1 n
(12) lim — 2 Fu(ai, aicy, * * 5 Gicki1),
noo N o4=1
and require that i —k;+1 be positive for i= 1. Secondly, the rapidity of ap-
proach of the sum in (12) to its limiting value can be estimated by replacing
the € occurring in Khinchin's proof by #7¢, where ¢ is now a sufficiently small
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positive constant. In this way the following theorem can be proved:

Let {Fi(rl, ce e, rk,.)} be non-negative functions of the positive integral argu-
ments r, 12, - - -, and suppose that the integrals

1
2
f Fi(ai, aiy, * * ¢y Gicgpy1)d2
)

are uniformly bounded. Suppose further that 6 <1/2 and that
ki = O(log® 7)

for some constant ¢>0. Then there is a constant B such that

1 n
— 2 Fias, -+ -, @ickiq1) = B+ O(n?)

n =1
for almost all x.
We put
1
éi(x) = a;: + oot s s
and
Fias, - -, gickir) = log ¢u(x).

Since ¢i(x) <a;+1 and M{a;=r} =M{r<x;<r+1} <1/72, we have

1 1 0 1 1
fFfdng log’ (as 4+ Ddx < 3° TV ('+ )
0 0 r=1

Thus for
=1+ [2 log 1]

there is a By such that for almost all x,
> log ¢i(x) = Bon + O(n=%).
=1

On the other hand, if &:(x) =¢:/q:_1, then by the law of the mean,
‘ log ¢i(x) — log (%) I = El ¢:(x) — i) |

where £<1. Since

C T

(13) Bile) = ok

this implies that
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| log ¢i(x) — log &(x) |

(e ) (o g < e
a c —(a .
a1+ Givkit1 ai-1+ Gikit1 1 1 *

where P;/Q, is the /th convergent in the expansion (13). Since

012 Qi+ Qi > 201> - - - > 2,

<

we see that
| log ¢:(x) — log @u(x) | < 21k < =2 les 2,
Thus for almost all x,
2 log $i(x) = log g = Bon + O(n'~%).
=1

Lévy [10, p. 320] showed that Bo=72/12 log 2. The proof of Lemma 4 is

complete.
Now let
Bitl
Sp = No{k =< ”I qux_ Pkl <f(0—0g_ik_)-} ,
Gk
k — kk'?
ta(k) = No{k <nl |qgx— pil <f—(——'£——l} .
Gk
By (11),
1/2
lim sm{ n(k) < —— Z f(k — xkk%) + w( Z} f(k — xk‘"‘)) } = ¢(w).
n—w l g 2 k=1 l 2 k=1
Putting
4y = — 3 fh),
log 2 =1
it follows from (b) of Lemma 1 that for each «,
. 1/2
(14) lim M{t.(c) < 4, + w4, } = ¢(w).

n—wo

Let

Fo= {2] 50 < Ap + 04"},

G(x) = {xl | log ¢x — Bok| < kk'% for every k& = 1},

Ho(k) = {2 ta() < An + 042},
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Then by Lemma 2 and Equation (14), to each €>0 there corresponds a
ko =kKo(€) and an ny=mno(ko, €) =no(€) such that
SR{G(K)} >1—c¢ for k = ko
and
| M{H.(£k0)} — ¢(w)| <e forn = n,

Clearly

G (ko) Ha(ko) C Fa,

and since M(AB) 29 (A)+9(B)—1 if A and B are subsets of [0, 1], we
have that for n=n,,

W{Fn} =21 —etdlw) —e—1=¢(w) — 2e
Similarly, since G (ko) Fn CH,(—«o),
M{F,} < é(w) + 2e

Hence

lim 9{F,} = lim Pr {5, < 4, + w4y} = ¢(w).
n— o n—w
By the same reasoning we can use (d) of Lemma 1 to show that if
Bof(lo
r» = No {kén] | gex — pi] <0—f(—-g——@2},
Gk
then

lim Pr {r, < A, + 0d, "} = ¢(w).

n— o

Replacing f by f/B,, it follows immediately that

1 12 &2
lim Pr {No{k <ul |qx— pl <fi§q—")} <=3 1)
n— o qk 7I'2 k=1
12 » 1/2
ro(STiw) | = .
g
If lmx—ll <1/2m, then I/m is a convergent to x. Since f(x) =0(1),
1
No {k <al | g p] <70 Qk)}
"3
1
= No {m < gn | (mx) <f( o8 m)} + 0(1),
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the error term being uniformly bounded for all x. Putting

Ay = 25 108 B

T k=1 k

and using (e) of Lemma 1 with ¢=1, it follows that

f(log m)
m

(15)  lim Pr {No {m < ga| (mx) < } < A(n) + wA(n)m}» = ¢(w).

n— o

There is now a final set-theoretic argument required to eliminate ¢, entirely.
Put

1
F(n, w) = E,{No {m < q,,| (mzx) <f( Oi m)} < A(n) + wA(n)”“’} ,
G(n, B, w) = Ez{No {m < o] (may <0 "’)} < A(n) + wA(n)m} ,
m

Hy(e) = E{ePo1=9» < g, < ¢BoO+ov for all » = N}.
[t is easily seen that
(16) Hn(e)G(n,Bo(1+¢), w) CF(n, w), Hx(e)F(n, w) C Hx(€)G(n, Bl — ¢), «)
for 0<e<1, n= N. On the other hand, we have

f(log m)}

m

1 — ¢ 1 — ¢
<A< n>-|-17A1’2< n)},
14+ € 14+ ¢

1 — ¢ 1 — €
1 A Az A Az
(17 (1+en>+n <1+en>> (n) + wA%(n),

€

1—
G(l T ¢ n, Bo(1 + ¢), 77) = E,{No {m < eB°(“‘)"| (mx) <

and hence if 7 is chosen so that

then

(18) G(l_—|—{ n, Bo(l + e), ‘I]) D G(n, Bo(l - e), w).

By (c) of Lemma 1, A(cn) =A(n) +0(1), so

A ) 4 ) = 46+ (o OCA) 45

Since 4 (n)— as n— o, it follows that if >0 is arbitrary, (17) holds with
n=w-+9, if n>ny(e §). But then by (16) and (18),



248 W. J. LEVEQUE |January

Hy(e)F(n, w) C Hy(e)G(n, Bo(1 — €), w) C F(l

T . n,w+8>

for

- €

L1+
n > min N,no).

By Lemma 4, M {Hy(€)} >1 as N—w, and by (15), M{ F(n, &) } —¢(w) as
n— . Hence, if we allow # and N to increase in such a way that
N1+ e¢/(1 —e¢ <mn,

we obtain the inequality
¢(w) = lim Em{G(n, By(1 — ¢), w)} < ¢(w + 9).

n— o
Since 6 is arbitrary and ¢ is continuous,

lim M{G(n, Bo(1 — ¢), w)} = ¢(w).

n—w

Since € is arbitrary (in [0, 1]), we can choose e=1— B!, and obtain

lim M{G(n, 1, w)} = ¢(w),

n— o

or

lim Pr {No {m < e”| (mx) <

n— o

f(lo,i m)}

122" log & 12 e log E)\1/2
>:f(og) w(_zf(og) }=¢(w).

w? k=1 T° k=1

Using (c) of Lemma 1 again (with 1=c¢=(n+1)/n) and the fact that there
are at most three denominators ¢x lying between e* and e"t!, we obtain
Theorem 1.

4. The small values of {r, 7; - - - r,x). We now consider sequences of
the form (ryry - - - 7,x), where x is again uniformly distributed on [0, 1] and
r1, r2, - - - is a fixed nondecreasing sequence of integers larger than 1, not
depending on x, with lim 7,= . Let the sequences {x,} and {a.} of real
numbers and integers, respectively, be determined by the following condi-
tions:

rnx = a; + xi, —1/2 £ 2, < 1/2,
r2x1=a2+x2, -1/2 x2<1/2

.................
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Then
(19) Gn = [rattas + 1/2], | % | = (raZa_s),
@ 13]==<[3]
215" 120
forn=1,2,---,and
(21) r= 3 —
n=1 71" "7y

The series (21) bears an obvious relation to the expansion of x to the base
r if, contrary to assumption, we take all »,=r, and to the Cantor factorial
expansion if r,=n for all #n. In any case, the expansion is unique except for
a set of measure zero.

Since « is a random variable, so is every element of {x,} and {a.}, and
it is easily seen that each x, is uniformly distributed on [—1/2, 1/2], and
that each a, is discretely uniformly distributed, in the sense that

. 1 Ta . Ta
(22) Pr{a,.=_7}=— for —|— .§j<[—.
Tn 2 2

There is a significant difference between the two sets of variables, however,
in that the a, are statistically independent, while the x, are not, as the Equa-
tions (19) show. Dependence makes the sequence {x,.} difficult to analyze
probabilistically, but a considerable amount of information can be gained
indirectly by transferring results about {@.} via the relation

an 1
== 0(2),
Tn Tn

THEOREM 2. Suppose that ry, rs, + - - is a nondecreasing sequence of positive
integers such that ry >n for some fixed integer m. Let Ro=rirg - - - 1y, and let f
be a positive function. Let S be an increasing sequence of positive integers. Then
the inequality

(23) (Rux) < f(n)

has infinitely many solutions n &S for almost all x or almost no x, according as
the series

(24) 2 f(n)

nES
diverges or converges.

We note first that it suffices to consider functions f such that f(n) = n~2 for
all n€S. For if (24) converges, then so does the series
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2 [*(m),

neS

where

oy = {0 o) 2 o,

n~% otherwise,

and if the inequality (R,x) <f*(n) has only finitely many solutions in .S, the
same is surely true of (23). Suppose on the other hand that (24) diverges.
Then so also does

Z f(ni):

the summation being extended over the integers #;&.S such that f(»;) = n;2.
These integers constitute a subsequence S’ of S, and the truth of the theorem
for S’ implies its truth for S.

We suppose throughout the proof that n&.S. If we put

n g
P,.=R,.j§1€;
then
| Rix — P.| = | 2| = 1/2,
SO

| Rox — Po| = (Rax).
For each #n let &, be the unique positive integer such that
25)  [rasr -+« Fagpgrf(0) + 1/2] = 0, [ragr - -+ - ruga f(n) + 1/2] # 0;
in particular, if [r,41f(n) +1/2]0 then k,=1. Then
(26) <.
Tubl ® " ok,

Let &, be the event that (i.e., the set of x& [0, 1] such that)

R"+kn

Any1 = * " T Quyk,—1 = 0, I Qb | < Tpgr - fn+k,,f(") +1= f(n) +1,

n

and for ¢>0 let F,.(c) be the event that (R,x) <cf(n).
Suppose that x&J,(1). If k,=1, then we have

| 2| < f(n),
| Gn+1| = I Antk, | = | [fn+1xn + 1/2” = "n+1| xnl +1/2< r"+’~‘nf(") + 1,
so x&8,. If k,>1, then
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| an+l| é [rn+lf(n) + 1/2] = 0, xn+l = rn+lxy
I an+2| = rn+lrn+2f(n) + 1/2] = 0, Xnt2 = Taf1?n42%n,

| Gntnt| = [Fat1+*  Zastesf(n) + 1/2] = 0, Zagtm1 = a1 * * * Taghoei%n,
| Gnita| S [ratr v o Pasnaf () 4+ 1/2] < Fagr -+ - ruga,f(n) + 1,

and again x&§,. Hence F,(1) C8..
On the other hand, if x&§&, then

D IRER

j=1 R J=n+kn RJ’

SO
ntkn
fn) + z)
. DR, (
(Rux) = | Rux — P, <(|a+"” + DR
(2 7) Rn+k,, v Rn+k,.
sy + 2K
= f(n
Rn+k,,

and it follows from (26) that &,C F.(3).

Thus if &, occurs for only finitely many &S, the same is true of F,(1);
while if &, occurs for infinitely many #n&.S, the same is true of F,(3). Since
the convergence of (24) is unaffected by replacing f(n) by 3f(n), there remains
only the task of showing that &, occurs for infinitely many nES, or only
finitely many n &S, for almost all x, according as (24) diverges or converges.

Since r; >n and f(n) >n2, we have 7,41 + + * 7npomf(n) > 1. Hence k, <2m,
and the event &, depends on at most the 2m random variables a,41, - - -,
Gni2m. Hence for fixed I (0 <1< 2m), the events 8myi (v=0,1, - - - ) are inde-
pendent. By (22),

— ifj =0,
Tn
Pr{l|a,] =4} =4— i0<j <

r .
— 1f]=7y 7. €ven,

Hence for arbitrary real «& [0, 7,/2),

2[u] + 1{§ Q2u + 1)/rs,

Pl’{|anl §M}= g(zu—l)/fn-

£
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Thus, because of the independence of the a,., we have

2 B2t 0 43
— n
1 1 R, 3R,
(28) Pr {Sn} = cee : = 2f(n) + )
Tnt1 Tntk,—1 Tntk, ntkn
and by (26),
Pr {8,.} < 8f(n).
Also
Rus,
2 R“" f(n) + 1
(29) Pr{8.} 2 . > 2f(n).
Tntl * * * Tniky,

Hence for each I the series(?)

Z Pr { Szym.H}

»;2vm+-lES

converges or diverges with the series

(30) 2 fm D).
v 2vm+-lES

But if the series

(31) Zsf(n)

diverges, at least one of the series (30), for 0 £!<2m, must diverge, while if
(31) converges, all the series (30) converge. The theorem therefore follows
from the Borel-Cantelli lemmas.

5. We now consider the case in which (23) has infinitely many solutions
for almost all x, and investigate the number of such solutions with n < N. For
simplicity we suppose that S is the full set of positive integers.

TuEOREM 3. Let {r,} and {R,} be as described in Theorem 2. Let f be a
positive function such that

2 fln) = w,  f(n) = 0.
Let k., be the positive integer defined in (25), and suppose that

(32) E (Fng1 * * * Tagr) L < o0

n=1

(1) The symbol Z,;... means summation over those » such that - - -.
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Then

lim Pr {No {n < N| (Rax) < f(n)}

- <2240 +o(2 gﬂn))m} — 6(w).

n=1

According to Theorem 2, the n for which f(n) <n—? contribute only a
bounded number of solutions of the inequality (23), so we may suppose that
f(n)=n2 Put

v {1 if (Rux) < f(n),

0 otherwise,

and

N
Sy = 2 X,.

n=1

Similarly, put

{1 if &, occurs,
0 otherwise

and

N
TN=ZY1D)

n=1
where §, has the same meaning as before. Since F,(1) C8,, we have
(34) Snv < Tw.
On the other hand, if Y,=1 then either X,=1 or

‘ 2R,
35) (Rt} €[ 101, 50 + =]

Rn+k,.
by (27). Because of the uniform distribution of the x,, the probability of the
event (35) is 2R./R.4x,, and by (32) and the first Borel-Cantelli lemma, the
event (35) occurs only finitely many times, for almost all x. Thus given ¢>0,
there is a constant M so large that

(36) Tn <Sv+ M

for all Vand all x not in a set of measure at most e. Combining (34) and (36),
we see that (33) will follow if it can be shown that
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N N 1/2
(37) lim Pr {TN < 2> f(n)+ w<2 Z‘,f@)) } = ¢(w).
Now n=1 n=1

To this end we first prove a general lemma, suggested by work of Hoeff-
ding and Robbins [5]. A set of random variables Z;, Z,, - - - is said to be
m-dependent if for every 7,5 and # for which #>s>r+m, the sets
Zy,+++,2Z,and Z,, - - -, Z, are independent. (The variables ¥, above are
2m-dependent.)

THEOREM 4. Let Z1, Z,, - + - be a sequence of m-dependent random variables
such that

p {1 with probabilily pa,
0 with probability 1 — p,,.
Suppose that

(38) Zi)l pn = o,

(39) pn = O(m™1*79),  €>0,
(40) f:lg | Cov (Zi, Zip)| < .
Then

n n 1/2
lim Pr {z,+---+zn< Zm+w<2pk> } = ¢(w).
k=1 k=1

n— o

We decompose the finite sequence 1, 2, - - -, » into blocks, in the follow-
ing way. Choose 7 smaller than ¢, and find an integer /o such that

(41) G+ 1" =57 > m.
For ¢=1 put
I, = [(o + @)**],
and define k=x(n) by the inequality
I £ n <ly

For 1 £g<k—1,let I, be the set of integers j such that l,<j=<ly1—m, and
let J,41 be the set of integers j such that /.43 —m <j=l,4;. Finally, put

U= 2.2, =2 7,

velq Iq

2 Z,
Jq

Ve
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for g=2, - - -, k, so that
EZ—ZZ+E%+ZV+ESZ
y=1 q=2 q=2 v=l,+1
By the definitions of I, and m-dependence, the variables U,, « - -, U, are
independent, as are Vs, - - -, V,. We shall show that the limiting behavior

of Q, is determined by that of > U,, and then apply a standard version of the
central limit theorem.
Since /; is fixed and the Z’s are bounded, the sum

11
2 Z

y=1

is clearly negligible in the limit, if Var (S,)— . By (40), (39), and (38),

ar< Z Vq> = Z Y. Var (Z,) + 2 Z > Cov (Z,, Z,)

=2 g=2 Jq g=2 Jg

= 3 S — £+ 0()

q=2 Jg

=33 5+ 0)

q=2 Jq

=33 06 + o)

g=2 y=1

- o £ rren) + ot

q=2

so that
(42) Var( > Vq> = 0(1).
qe=2
Turning to U,, we see that
(43) E(U) =2 b= €
I
and !
Var (U,) = 2. Var (Z,) + 2 > Cov (Z,, Z,),
I nvEl g u<r<ut+m

so that

2 X
(44) oc=Var (Us+ - - -+ U,) = 2 e+ 0(1).

gqm=2
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Now
1 1/2—e¢ 1/2—e¢
eg < ¢, <cly —lg=1)
Iq V”2+
e 1\ (1/2—e) (2+n)
< oy {(1 + —) - 1}
q
( 1
=0 q(2+rl)(l/2—-e)._>
q
and so

(45) e, = 0O(1).

This implies in particular that

(46) Var( )> Z,> = o(1),

v=Ix+1
and hence, since
0
22 < e,
J

=2 J,

that

@) o= X p 4+ 00), EWUsd -+ U) =3 g+ 0).

y=1 r=1

If we put
Tn = ,:Zl pvy
then (42) shows that
Var (w:’” 3 V.,) = 0(1),
a=2

and it follows from Chebyshev’s inequality that the random wvariable
7723 % V, approaches zero in probability. By the same reasoning this is
true also of ;2 Y_% Z,. Combining these facts with (46), we see [1, p. 254]
that the limiting distribution of (Q,—,)/my? is identical with that of
1/2

(48) (U2+ "°+UK—7rn)/7rn .

We now wish to apply Lyapunov’s criterion [1, p. 213], according to which
the normalized sum (48) is asymptotically normal, with mean zero and vari-
ance 1, if
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(49) (= p.?)m — 00,

g=2
where

3 » 3
pe = E(| Ug = EUQ |).
This will complete the proof of Theorem 4. We have

p3§E{<IZq3 Iz.—pvl)a}

<6E{E [Z, =P+ 2 | Zu—pu|l |2, — 10

vEIq u,relq

2

+ T lz-pllz-pl-15-nl}.

n,v,)\EIq

Now

IZE(I Z,— p|) = ; A= p)'p + :Z n — p)

= e+ 0( > pf).
IG
Since IZ,— p,| <1, we have, by the generalized Holder inequality [4, p. 140],
Z E(lzu_Pul'|Zv_PV|2) = Z E(lzn_P#I 'IZ""?Vl)

n,rEIq u,velq
1/2
§( > Var (Z,) Var (Z,)) < Y Var (Z)
p,velq uelq
= E (pn_?:) = eq+0< Epf:)
nEIq Iq
Similarly,
2 Elzi-pl 12— pl-|2— )
u,v,\EI g
1/3
=< {Z‘ E(| 2, = pu|ME(] Z, — 5 |9E(| 20 — pxl%}
Iq
éEE(IZ»—PuP) =eq+0(;1’i)-
Iq g

Thus (49) reduces to the triviality

i e + 0(1) = o{( i: eq)m} .

q=2 q=2
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To complete the proof of Theorem 3, we must show that the hypotheses
of Theorem 4 are satisfied when Z,= Y., p.=Pr {&,}. We know that

2f(n) = pa = 8f(n),

and hence, from the hypotheses of Theorem 3, we obtain (38) and (39). Since
the Y, are 2m-dependent, we can rewrite (40) in the form

© 2m

(50) 22 | Cov (Y, Yiry) | < oo.

1=1 j=1

Now if j>k,, then Y; and Y;,; are independent, and their covariance is 0. If
1Sj<k,, then

| Cov (¥i, V)| = | E(Y:iViry) — E(Y)E(Yiys) |
= |Pr{Vi=Vu;=1} —Pr{Vi=1} Pr{Ve; =1}
S (Tag1* Tagr)"H 4 8D + ),

and the convergence of (50) follows from (32).
6. A strong theorem.

THEOREM 5. Let {R,,} and f(n) satisfy the hypotheses of Theorem 3. Then
for almost all x, the number of integers m = n, for which (R,x) <f(m), is asymp-
totic to

2 gjf(k)-

As in the proof of Theorem 3, it suffices to prove the theorem with .S, re-
placed by T, = Z’l‘ Y%, and to suppose that f(n) >n~2, so that the Y are 2m-
dependent. We write

Tn = Z* Y?mv-{-l + Z* Y2my+2 + cc + Z* Y2m7+2m

(1) (2) (2m)

=Tn +Tn +"'+Tn )

where each summation extends over those v for which the subscripts are not
larger than #. The terms in T are independent and uniformly bounded, and

E(TY) = 2 5% f2mv 4+ §),  Var (T7) = 2 3% fQ@mv + j) + 0(1).

Hence Kolmogorov’s version of the law of the iterated logarithm [8] implies
that for 1 <7< 2m,

lim sup

nw 2( 2% f(2my + j)-log log 2% f(2mw + )12

and it follows from these equations that

o * b
Pr{ | 72" = 25°% jCmv + ) | —1}=
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pef| 7= 25 50| = o S (sm + 1 Zrsam +0) ) = 1,

k=1 j=1
and the theorem is a weak consequence of this result.

Note added in proof.

I. There is a strong version of Theorem 1:
Under the hypotheses of Theorem 1, the number of solutions m<n of the
inequality (mx)<g(m) is asymptotic to

12 »
- 2 g(k),

T k=1
for almost all x.
The proof depends on a strong law of large numbers for dependent vari-
ables, due to Lévy [10, p. 253]: Under the hypotheses of Lemma 3,

Pr {limS(l) = 0} =1

1> tl/2+e

for every positive constant e. Using this in place of Lemma 3, we obtain a
strong analogue of Lemma 2, to the effect that for €>0,

Pr (W~ (log 13 S8 =o((3 f(8) 12+ } =1,

and thereafter the proof parallels that of Theorem 1.

II. It has been pointed out to me that Lemma 3 is not immediately ap-
plicable in the proof of Lemma 2, since E( V%), in the equation preceding (8),
means E(Vg, given ay, - - -, ax) and not E(Vy, given Vo, - - -, Vi_1), and it
is possible that V;_;, for example, is not uniquely determined by ao, - - - , as.
But in order for this to be the case it is necessary, since ng_lx-—pk_ll
= (qk_lx-i—qk_z)‘l and a;= [xk], that

1 k=1 1
Gi—1(ax + 1) + gr—s2 Qr—1 Qr—10k + Qr—2

]
ar = il .
f(B—1)  ge
The difficulty vanishes, therefore, if we prove the following theorem, and
exclude from the beginning the exceptional set mentioned in it (taking b=1
and h(k)=1/f(k—1)):

Let h be a real-valued function on the positive integers, with h(k)>ck for

some positive constant c. Then for every positive constant b, the set of x, for which
the inequality Iak—h(k)l <b has infinitely many solutions, has measure zero.

This happens only if
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Put Fi(¢) =Pr {xk <t}; then Lévy's form of the Gauss-Kuzmin theorem
[10, pp. 298-306] asserts that for some g with 0<g<1,

Fiu(t) —

log < gt

log 2 t+1

for all £>1 and all positive integers k. Now the inequality Iak—h(k)l <bis
equivalent to

h(k) — b < xe < h(k) + b+ 1,
and we have
iimPr{h(k)—b<xk<h(k)+b+1}

1 2h(E) + b+ 1) (k) — b+ 1
lOg<<<>+ +1) h(k) — b+ )+2gk_l

log 2 WE) +b+2  20h(E) —b)

1 2h2(k) + 4h(k) — 2(b% — 1)

T log2 B 2k(k) + 4h(k) — 2(6° + b)

9 pk—1

1
5 log (1 4 O(h72(k))) + 2871 = O(h7*(k)) + 2g*7.

Hence the probabilities of the inequalities in question form the terms of a
convergent series, and the required result follows from the Borel-Cantelli
lemma.
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